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We consider the absolute-value limits of the refractive index in atomic systems. There has been
growing interest in finding materials with an unusual index of refraction, but there are natural
limitations on the index that can be attained by controlling basic multi-level systems with external
fields. We explain how the ensemble density in a medium is an important practical limitation and
use this to calculate a baseline value for the refractive index of a two-level system. We show how
the additional transitions and fields in three- and four-level systems give greater control over the
refractive index and consider how coherence effects and four-wave mixing can affect it in the linear
regime. We find that the only parameters, besides the medium optical depth/density, that can
effectively change the value of the attainable index are the frequencies of the involved transitions.
I. INTRODUCTION
The values of the refractive index most commonly
observed in nature are positive and on the order of
1. Finding materials with an unusual refractive in-
dex – very high, zero, or negative – has long been a
subject of interest; of course, to be of practical use,
it should be accompanied by low absorption. It was
proposed that quantum interference effects could be
used to create an enhanced index of refraction with
no absorption in Λ-type atoms [1, 2]. However, it
was later noted that at the densities required for
such methods, quantum corrections such as cooper-
ative effects must be considered, which diminish the
promise of the original proposals [3–5]. For example,
radiation trapping effectively decreases the effects of
coherence.
Since then, there have been increasing efforts to
modify the index of refraction of a system or to at-
tain a particular value through the design of meta-
materials [6–8] or control by external fields [9–12].
Such unusual values for the index have been sug-
gested for use in various applications; for example, a
negative index could be used to implement cloaking
[13–16] or to create a “perfect lens” with infinite res-
olution [17, 18], while a medium with a large index
decreases the wavelength of light traveling through
it, which could be useful in optical imaging [19].
There are many parameters that can be used to
control an index of refraction in some medium. In
theoretical approaches focusing on the use of exter-
nal fields to change the optical response of a system,
these parameters can simply be changed in order to
modify the index of refraction. However, there are
limits to what values are actually possible. In this
paper, we focus on enhancing or increasing the re-
fractive index in atomic systems. We are concerned
only with linear dispersion, and do not look at ab-
sorption. We look at what can be attained in the
most simple case to find the basic limits on the in-
dex. From this, we look for additional effects, again
in the simplest cases in which they occur, that can
be used to enhance the index from the baseline case.
The index of refraction of a medium is defined
by n =
√
µ, with relative permittivity  = 1 + χe
and relative permeability µ = 1 + χm. The elec-
tric susceptibilty χe and magnetic susceptibilty χm
can be complex, resulting in a complex index n, for
which the real part is the “traditional” refractive in-
dex which represents the amount of refraction, while
the imaginary part represents the amount of absorp-
tion or gain. In this paper we assume that µ ≈ 1,
since magnetic coupling is typically weaker by a fac-
tor of α2 ≈ 1/1372 for transitions in the visible spec-
trum, so that n ≈ √1 + χe (henceforth we drop the
subscript “e”).
Although the real part of n depends on a complex
χ, in practice, ultimately one would want zero or
minimal absorption, where the imaginary part of χ
is negligible. We are here interested only in the best-
case scenarios for enhancing the real part of n, so we
will focus on the real part of χ in Sections II and III,
assuming that n ≈ Re(n) ≈√1 +Re(χ).
We suppose that plane-wave electric fields of
the form E(z, t) = 12 ˆE(z)ei(kz−νt) + c.c. (where
c.c. denotes the complex conjugate) interact with
atomic ensembles of atoms with two or more lev-
els. With linear dispersion, the polarization due
to such an electric field has the form P(z, t) =
1
2 ˆP(z)ei(kz−νt)+c.c., and P(z) = 0χE(z) if the po-
larization depends on only one electric field. We first
examine a two-level system to see what can be used
to modify the electric susceptibility and enhance the
refractive index in a medium in the most basic case.
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Then we consider a three-level system to see if coher-
ence effects can improve the two-level result. Finally,
we consider a four-level system to see if frequency
dependence in wave mixing can be used to enhance
the index.
II. TWO-LEVEL
We start with a simple two-level atom in order to
find baseline values for the refractive index to which
other values can be compared. We will find χ which
would be needed to calculate the refractive index,
and then look at how χ can be changed while con-
sidering the natural limitations in doing so.
The atom has states |1〉 and |2〉 with atomic tran-
sition frequency ω, and population decay rate Γ.
There can be either an electric or magnetic dipole
transition between the levels; in this paper we will
consider only electric dipoles, which are typically
stronger, with dipole operator dˆ. A medium con-
sisting of these two-level atoms has atomic number
density N , and we assume that there is no interac-
tion among the atoms. The medium is driven by
an electric field E with amplitude E as in Section
I, with angular frequency ν, detuned from the two-
level resonance by ∆ = ν − ω. The polarization of
the medium is P = N〈dˆ〉 = Nˆ(dρ12 + d∗ρ21), so we
have
P = 2Nd∗ρ21 = 0χE . (1)
Solving the steady-state Bloch equations gives
ρ21 =
iΓ− 2∆
Γ2 + 4∆2 + 2Ω2
Ω. (2)
FIG. 1: Two-level system with Rabi frequency Ω,
detuning ∆, and population decay rate Γ, coupled
to the external field E.
To find χ, we combine Eqs. (1) and (2), and use
the Rabi frequency in terms of the field amplitude:
Ω = dE/~. To replace |d|2, we use the expression for
spontaneous emission rate: Γ = |d|2ω3/(3pi~0c3) ≈
8pi2|d|2/(3~0λ3), where λ is the wavelength of the
incident light, and where we have assumed that ∆
ν, ω. The standard result is [20]
χ = 2N
d∗ρ21
0E
= N
3λ3Γ
4pi2
iΓ− 2∆
Γ2 + 4∆2 + 2Ω2
.
(3)
For a given λ, it is evident that the density N is
the only parameter that could potentially be varied
in order to modify the absolute value of the suscepti-
bility by an appreciable amount. As an example, we
will estimate the density needed to give a maximum
for the real part of χ on the order of 1. This is
Re(χ)max ≈ 3
8pi2
Nλ3 = O(1). (4)
For optical wavelengths, this would require a density
on the order of 1014 atoms per cm3. The suscepti-
bility could be theoretically increased by increasing
the density, but values greater than 1014 cm-3 are
not realistically possible [12, 21]. At such high den-
sities, collisions and nonlinear effects become dom-
inant compared to the linear contribution to the
dispersion, so this simple model is no longer valid
[10, 22–24].
The real part of χ is shown in Fig. 2 (with ∆/Γ ≡
∆1/Γ1), along with the corresponding three-level re-
sults which will be discussed in the next section.
FIG. 2: Real part of susceptibility for the two-level
system (solid line) and three-level system (dashed
line). N = 1012 cm-3, Ω ≡ Ω1 = Γ1,Ω2 = Γ1, γ0 =
Γ1/100, ω ≡ ω1 = 2pi × 1014 s-1.
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III. THREE-LEVEL
In the interest of finding ways to modify the sus-
ceptibility and refractive index of a system, we con-
sider coherent modification and thus, three-level sys-
tems as done in [1, 2], and find the limitations on the
linear susceptibility.
In a three-level V or Λ system, one transition cou-
ples to the field E1 and another to E2, which have
the same plane-wave form as before (see Fig. 3). The
|3〉 − |1〉 transition has characteristic frequency ω1,
dipole moment d1, and population decay rate Γ1,
and the |3〉 − |2〉 transition has characteristic fre-
quency ω2, dipole moment d2, and population decay
rate Γ2. The Rabi frequencies are Ω1 and Ω2. We
can also include a typically small decoherence rate γ0
between levels |1〉 and |2〉, but find that this does not
significantly affect the results. Each transition has
an associated polarization and susceptibility which
depend on the coherence density matrix elements
corresponding to that transition. The susceptibility
due to the |3〉−|1〉 transition depends on ρ31 and the
susceptibility due to the |3〉− |2〉 transition depends
on ρ32. For the Λ system of Fig. 3, in terms of the
other density matrix elements these are:
ρ31 =
Ω1(ρ33 − ρ11)− Ω2ρ21
i(Γ1 + Γ2) + 2∆1
, (5a)
ρ32 =
Ω2(ρ33 − ρ22)− Ω1ρ12
i(Γ1 + Γ2) + 2∆2
. (5b)
The main contribution from the third level which
differs from the two-level result is seen from the term
proportional to ρ21 in Eq. (5a) and the term propor-
tional to ρ12 in Eq. (5b), which show that although
levels |1〉 and |2〉 are not directly coupled, the fields
create a coherence between levels |1〉 and |2〉 which
causes cross-coupling between the transition coher-
ences: ρ31 depends on E2 and d2 through Ω2 and
ρ32 depends on E1 and d1 through Ω1.
This means that the susceptibility from each tran-
sition depends on additional parameters such as
Rabi frequencies and dipole matrix elements from
another transition, which can affect the refractive
index experienced by a field. For example, the fre-
quency of E2 could affect the index experienced by
E1 through the dipole moment of the |3〉 − |2〉 tran-
sition. Varying these parameters in general also
changes ρ21 and ρ12, which can be prevented in a
four-level system, as discussed in the next section.
However, we find that the coherences ρ21 and ρ12
depend on at least second order in the fields. There-
fore, the cross-coupling does not affect the refractive
index when only the linear parts of the dispersion are
considered for both fields.
Alternatively, we could keep linear dispersion only
in E1 and calculate the refractive index experienced
by that field, keeping any order of E2. In this case,
the result for the relevant coherence is
ρ31 =
Ω1
2|Ω2|2/(iγ0 + ∆1 −∆2)− [i(Γ1 + Γ2) + 2∆1] ,
(6)
and the index for E1 is n =
√
1 + χ with
χ =
2N |d1|2
~0
ρ31
Ω1
. (7)
This depends on the second transition through Ω2,
but not the amplitude of E1 or phases of either field.
Varying |Ω2| from zero to arbitrarily high does not
result in any significant change in n, so this is still no
better than the two-level result. At best, for small Γ2
compared to Γ1, this approaches the two-level result,
but as Γ2 becomes comparable to or greater than Γ1,
the maximum possible real part of the susceptibil-
ity becomes smaller than what is possible with two
levels. This is shown in Fig. 2.
Since coherence effects in a three-level system do
not help in enhancing the index, we will consider the
effects of four-wave mixing on the index by moving
to a four-level system in the next section.
FIG. 3: Three-level system. E1 and E2 are external
fields which couple to different transitions; Ω1 and
Ω2 are Rabi frequencies; ∆1 and ∆2 are detunings.
IV. FOUR-LEVEL
So far, the atomic and field properties seen in
Sections II and III have not been useful in enhanc-
ing the index, except for the density, which has the
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practical limitations noted above. Field frequencies
have appeared in detuning parameters, which cannot
significantly enhance the index, but the frequencies
may be more directly utilized. In order to intro-
duce direct frequency dependence, we consider the
four-level system shown in Fig. 4. The addition of
a fourth level allows for four-wave mixing with fre-
quency dependence.
The |4〉− |1〉 and |4〉− |2〉 transitions are strongly
driven on resonance by external fields. The |3〉 − |1〉
electric dipole transition has moment d1 (assumed
real) and is coupled to the probe field E1 with
complex amplitude E1 and frequency ν1, and the
|3〉 − |2〉 transition has moment d2 (assumed real)
and is driven by the probe field E2 with amplitude
E2 and frequency ν2. We assume that the decay rate
Γ1 is the same for the |3〉 − |1〉 and |4〉 − |1〉 tran-
sitions, and the decay rate Γ2 is the same for the
|3〉 − |2〉 and |4〉 − |2〉 transitions, which is valid if
levels 3 and 4 are close together.
The atomic transition frequency between levels |3〉
and |1〉 is ω1; we assume that |3〉 and |4〉 are closely
spaced so that the frequency between |4〉 and |1〉 is
approximately ω1. The atomic transition frequency
between |3〉 and |2〉 is ω2, which is approximately
equal to the frequency between |4〉 and |2〉.
FIG. 4: Four-level system. ΩE1 , ΩE2 , Ω1, and Ω2
are Rabi frequencies; ∆ is a detuning. The |3〉 −
|1〉 transition is driven by the probe field E1 with
angular frequency ν1, and the |3〉 − |2〉 transition is
driven by the probe field E2 with angular frequency
ν2.
As seen in the previous section, the coherences
that lead to the cross-coupling between the probe
fields E1 and E2 are ρ12 and ρ21. We want this
cross-coupling to exist, while also having some way
to enhance the linear part of the dispersion of a
probe field. This was not possible with a three-
level system, but here the fourth level allows for the
additional strong driving fields to create and main-
tain ρ12 and ρ21, which in turn couple E1 and E2.
We will show that changing ω2 while maintaining
two-photon resonance on transitions |3〉 − |2〉 and
|4〉 − |2〉 can affect the refractive index experienced
by E1. This amounts to “moving” level 2 theoreti-
cally, which of course is not possible in practice, but
this could be used to choose a level scheme in order
to produce a potentially large refractive index.
There is a polarization due to the |3〉 − |1〉 transi-
tion and a polarization due to the |3〉−|2〉 transition,
which depend on the corresponding coherences, ρ31
and ρ32. ρ31 and ρ32 depend on the coherences ρ12 or
ρ21 which are created by the strong fields. From the
optical Bloch equations, the relevant density matrix
elements are:
ρ31 =
|Ω2|2ΩE1 − Ω1Ω∗2ΩE2
[2∆− i(Γ1 + Γ2)](|Ω1|2 + |Ω2|2) , (8a)
ρ32 =
−Ω∗1Ω2ΩE1 + |Ω1|2ΩE2
[2∆− i(Γ1 + Γ2)](|Ω1|2 + |Ω2|2) . (8b)
We find that ρ31 and ρ32 depend on the Rabi fre-
quencies from each transition and thus on the am-
plitudes and phases of the four fields. However, in
the results that follow, we find that the phases of the
two driving fields do not actually affect the refrac-
tive index; also, in defining linear susceptibilities,
the phases of E1 and E2 do not appear, although
they must be chosen properly to obtain a particular
value for the index, which will be discussed later. We
move on by writing the coherences in the following
form:
ρ31 = α11ΩE1 + α12ΩE2
= α11
d1
~
E1 + α12 d2~ E2, (9a)
ρ32 = α12ΩE1 + α22ΩE2
= α12
d1
~
E1 + α22 d2~ E2. (9b)
Due to the cross-coupling, ρ31 and ρ32 and there-
fore each polarization depend on two fields:
P1 = 2Nd1ρ31 (10a)
= 0χ11E1 + 0χ12E2, (10b)
P2 = 2Nd2ρ32 (11a)
= 0χ21E1 + 0χ22E2, (11b)
4
which shows the linear dependence on the ampli-
tudes E1 and E2 as was desired. Following a similar
procedure as in the two-level section, the four sus-
ceptibilities can be found:
χ11 = 2N
d21
~0
α11
= N
6pic3Γ1
ω31
|Ω2|2
[2∆− i(Γ1 + Γ2)](|Ω1|2 + |Ω2|2) ,
χ12 = 2N
d1d2
~0
α12
= −N 6pic
3
√
Γ1Γ2√
ω31ω
3
2
Ω1Ω
∗
2
[2∆− i(Γ1 + Γ2)](|Ω1|2 + |Ω2|2) ,
χ21 = 2N
d1d2
~0
α21
= −N 6pic
3
√
Γ1Γ2√
ω31ω
3
2
Ω∗1Ω2
[2∆− i(Γ1 + Γ2)](|Ω1|2 + |Ω2|2) ,
χ22 = 2N
d22
~0
α22
= N
6pic3Γ2
ω32
|Ω1|2
[2∆− i(Γ1 + Γ2)](|Ω1|2 + |Ω2|2) .
(12)
χ12 corresponds to the |3〉 − |1〉 transition but
comes from the cross-coupling with E2; it depends
on the dipole moment of the |3〉 − |2〉 transition,
which in turn depends on ω2; likewise, χ21 from the
|3〉− |2〉 transition depends on ω1. These do not de-
pend on the amplitudes or phases of E1 or E2 since
the polarizations are linear in the probe fields.
As with the two-level susceptibility, these are pro-
portional to the density and cannot be significantly
increased by changing the Rabi frequencies, decay
rates, or detuning. The important difference be-
tween this and the two-level system is that P1 and P2
now depend on the frequencies of two atomic tran-
sitions, so the frequency corresponding to one tran-
sition can affect the susceptibility and polarization
seen by the field couple to the other transition.
We assume that all fields are on resonance so that
∆ = 0. This means that we must have ν1 = ω1,
and as ω2 is changed, the frequency of E2 must be
chosen so that ν2 = ω2. We also assume that for dif-
ferent positions of level 2, the decay rate Γ2 remains
roughly constant.
We now calculate the index of refraction experi-
enced by E1 and see how it is affected by ω2. This is
no longer as simple as using one susceptibility term
in n =
√
1 + χ. The refractive indices that could
possibly be attained in this system can be found by
solving the Maxwell equations for the electric fields
E1 and E2, which depend on the susceptibilities
found above. Maxwell’s equations lead to equations
for the amplitudes, E1 and E2, which depend on z:
∇2E1 = −
(ν1
c
)2
(1 + χ11) E1 −
(ν1
c
)2
χ12E2, (13a)
∇2E2 = −
(ν2
c
)2
χ21E1 −
(ν2
c
)2
(1 + χ22) E2. (13b)
Using the ansa¨tze E1(z) = E1(0)eλz and E2(z) =
E2(0)eλz, these equations can be solved, which re-
sults in two possible eigenvalues for λ. We are in-
terested in the complex index seen by E1, which is
related to an eigenvalue by n = cλ/ν1. The eigenval-
ues do not depend on the amplitudes and phases of
either probe field, but the amplitudes and phases de-
termine which eigenvalue and therefore which index
value will be obtained. The corresponding eigenvec-
tors give the initial amplitudes and phases of the
probe fields that are required to obtain each eigen-
value.
The results show that the two possible indices for
E1 are affected by the frequency of the other probe
field, E2. This means that for the four-level sys-
tem, there is new effect which can be considered in
order to obtain a desired refractive index. An ex-
ample is shown in Fig. 5, which shows the real parts
of the possible indices for E1, which represent the
amount of refraction experienced by the field. For
n1 (solid line), the index begins to increase for in-
creasing ω2/ω1. Incidentally, this also keeps the ab-
sorption low for n1, as seen in Fig. 6.
The trade-off for this is seen in Fig. 7, which is
a plot with logarithmic scaling of the relative field
amplitudes needed to obtain each eigenvalue. The
eigenvectors give the initial amplitudes and phases of
E1 and E2 that are required to obtain each eigen-
value. In order to obtain the index that increases
with ω2, the amplitude of E2 must be much greater
than that of E1 for larger ω2. At some point, this
could become unrealistic since we are assuming that
both fields are small, and for a given E2, only a
much smaller E1 can be refracted. Also, increas-
ing ω2 decreases χ12, χ21, and χ22, which eventually
will effectively decouple the fields. These observa-
tions suggest that there are limits to this behavior
in the linear regime, in addition to the limitation
imposed by the density. With four levels, there is
more freedom in attaining a desired refractive index
by choosing a certain level scheme, but this does not
result in a significantly enhanced index in this simple
case without nonlinear effects.
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FIG. 5: Real parts of the two possible eigenvalues
for refractive index seen by E1 in the four-level
system. Γ2 = 2Γ1, Ω1 = Ω2 = Γ1, ∆ = 0,
N = 2.5× 1014 cm-3.
FIG. 6: Imaginary parts of the two possible
eigenvalues for refractive index seen by E1 in the
four-level system. Parameters are the same as in
Fig. 5.
FIG. 7: Plot of the relative amplitudes of the two
fields required to obtain the corresponding eigen-
value for refractive index, with logarithmic scaling.
Parameters are the same as in Fig. 5.
V. CONCLUSION
We looked at how the density of two-level sys-
tems in a medium places a natural limitation on the
electric susceptibility and index of refraction of the
medium and concluded that significant modification
of the index is not practical with two-level systems.
Additional transitions and fields must be used to
introduce other ways of modifying the refractive in-
dex, such as coherence effects in a three-level system,
but to find some enhancement in the linear suscep-
tibilities, we need to use at least four levels.
Frequency dependence introduced via four-wave
mixing in a more versatile four-level system allows
for ways of producing a particular refractive index
by selecting a system with a suitable atomic level
structure. Example results showed how the result-
ing index experienced by one probe field on a lower
transition is affected by the placement of the other
lower level, but there are still limitations to this ef-
fect; larger enhancements require relatively smaller
amplitudes of the field of interest.
In addition to the basic (two-level) result, coher-
ence effects, and frequency dependence in the most
simple systems in which they occur, more compli-
cated systems could be investigated to find other
effects that can enhance the index. More possibili-
ties yet are available if one allows for effects that are
nonlinear in the probe field, but this is beyond the
scope of this article.
We note that we did disregard here absorption
and gain, which is also important in modified-index
applications which are often limited by high absorp-
tion [23, 25]. This paper is meant as a very basic
starting point in looking for susceptibility-changing
applications based on atoms, which can be used to
realize a negative, zero, or high refractive index.
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